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Abstract 

We discuss the Ricci flow on homogeneous 4-manifolds. After classifying these mani- 
folds, we note that there are families of initial metrics such that we can diagonalize them 
and the Ricci flow preserves the diagonalization. We analyze the long time behavior of 
these families. We flnd that if a solution exists for all time, then the flow exhibits a type 
III singularity in the sense of Hamilton. 



0. Introduction 

It is well-known that there are eight maximal, simply connected geometries (X, G) with 
compact quotient in dimension three (PJ, p. 474). In Thurston's geometrization conjec- 
ture any closed three-manifold can be cut into pieces each of which admits one of these 
geometries. To explore the relation between the Ricci flow and the model geometries, 
the first two named authors analyze the long time behavior of the Ricci flow on locally 
homogeneous three-manifolds in \n\. In later work ( IKMp . using the notion of quasi- 
convergence, Knopf and McLeod identify the equivalence classes of all such flows except 
the case X = 51.(2, R). 

Ricci flow has proven to be very successful in studying the geometric and topological 
properties of three manifolds (|Ha95], |P1| - |P2p. and there are indications (, Ha86) . 
|Ha97| . [Hup that it could be useful for the study of such properties in four dimensions. 
In order to further explore its possible use in dimension 4 we study the Ricci flow on 
locally homogeneous four-manifolds in this paper. We find that unlike in the case of 
three dimensions f |Mi| . \n\), some of the families of locally homogeneous metrics can 
not be diagonalized because even if one diagonalizes the initial metric, the flow destroys 
the diagonalization of the metric at later times. In this paper we identify some families 
of initial metrics such that the Ricci flow preserves their diagonalization. For these 
families we find that the behavior of the flow is very close to that seen in dimension 
three (lU): either (a) the volume-normalized Ricci flow converges to a metric of constant 
sectional curvature or constant holomorphic bisectional curvature {CP^ and CH'^)\ or 
(b) as t ^ +00 the Ricci flow collapses to a lower dimensional flat manifold with the 
curvature decaying at the rate i; or (c) the Ricci flow approaches, either in finite time or 
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in infinite time, a direct product of lower dimensional geometries with constant sectional 
curvature. 

After describing locally homogeneous geometric structures in dimension 4 in section 
1, we consider in section 2 the case that the homogeneous space X is a Lie group . We 
identify families of initial metrics whose diagonalization is preserved by the Ricci flow, 
and then wc discuss the long time behavior of the Ricci flow for those families. In section 
3, we discuss the long time behavior of the Ricci flow for the remaining cases. Since the 
Ricci flow on closed manifolds preserves the isometry group, for any locally homogeneous 
closed 4-manifolds, we discuss the Ricci flow on their universal covering spaces. 

1. Compact locally homogeneous 4-geometries 

We identify a class of four dimensional homogeneous geometries by specifying a sim- 
ply connected four manifold M, a Lie group G that acts transitively on M, and the 
minimal isotropy group / of the action. We only consider those (M, G, I) in which M 
is the universal cover of a closed manifold Mq. Such a class we call a compact four 
dimensional homogeneous geometry. For each {M,G,I), there is a collection of 
Riemannian metrics on M for which G is the isometry group. These are the lifts of the 
locally homogeneous metrics on Mq. 

1.1 List of compact four dimensional homogeneous geome- 
tries 

Let H" be the simply-connected hyperbolic n-manifold and S" be the simply-connected 
round n-splicrc. We denote the group of isometrics of H" by H(n). We summarize the 
compact three dimensional homogeneous geometries in the following table. 



Manifold 


Lie group G 


Isotropy group / 




R3 


{0} 




SU{2) 


{e} 


SL(2,R) 


5L(2,R) 


{e} 


Nif 


Nil'^ 


{e} 


Sd^ 


Sd^ 


{e} 




E{2) 


{e} 


xR 


SOiZ) X R 


50(2) X {0} 


H'^ xR 


H{2) X R 


50(2) X {0} 




H{3) 


SO{3) 



Here 51/(2, R) is the universal cover of the special linear group 5L(2,R); its lie algebra 
sh has a basis Xi,X2,X3 such that the Lie bracket is given by 

[Xl,X2] = —X3, [X2,X3]=Xl, [X3,Xl]=X2. 

Nif' is the 3-dimensional Heisenberg group consisting of matrices of the form 

1 Ci C2 

1 C3 ; 
1 
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its Lie algebra has a basis Xi, X2, X3 such that the Lie bracket is given by 

[Xi,X2]=Xi, [X2,X3] = 0, [X3,Xi] = 0. 

Sol^ is the simply-connected solvable Lie group whose Lie algebra so/a has a basis 
Xi,X2,X3 satisfying 

[Xi,X2]=0, [X2,X3]^-X2, [Xs,Xi]^-Xl. 

E{2) is also a solvable Lie group whose Lie algebra L{E2) has a basis Xi , X2 , X3 satisfying 

[Xi,X2]^0, [X2,X3]^-Xl, [X3,Xi]^-X2. 

The Lie algebra su{2) of 5(7(2) can be described by 

[Xi,X2] = X3, [X2,X3] — Xi, [X^jXl] — X2- 

The compact four dimensional homogeneous geometries have been classified by Ishi- 
hara We list them in the following table (see |Wp. 



Manifold 


Lie group G 


Isotropy group / 


Nil* 


Nil'' 


{e} 






{e} 


Soli 


Soli 


{e} 


Solt 


Solt 


{e} 


SL(2,R) X R 


SL{2,R) X R 


{e} 


Nif X R 


Nif* X R 


{e} 


X R 


5';7(2) X R 


{e} 


R* 


E{2) X R 


{e} 




R* 


{0} 


S^ X S^ 


SO{3) X SO(3) 


S0{2) X 5-0(2) 


S'^ X r2 


SO(3) X r2 


50(2) X {0} 


5"^ X 


SO(3) X H{2) 


50(2) X 50(2) 


X r2 


H{2) X R2 


50(2) X {0} 


X 


ff(2) X H(2) 


50(2) X 50(2) 


CP^ 


SU{3) 


U{2) 


CH^ 


SC/(1,2) 


U{2) 


xR 


iy(3) X R 


50(3) X {0} 


S* 


SO{5) 


50 (4) 


jj4 


H{A) 


50 (4) 



Nil"* , Solfn,n, Soil and Solt are simply connected 4-dimensional Lie groups; we describe 
their Lie algebras in §1.2. Note that 5oZ^^ „ includes SoP x R. CH'^ is complex hyperbolic 
space which has Kahler symmetric space structure (see |KN| . pp. 282-285). 

Note that there is another locally homogeneous space M = F'^ listed in IWI . This is 
not a compact homogeneous geometry because it does not have compact quotients. The 
isometry group G contains a discrete subgroup F such that F'^/T has finite volume. 

One can find more detailed description of four dimensional locally homogeneous ge- 
ometries in Part II of |Hi| . 
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The Ricci flow study for those classes with trivial isotropy group requires substantial 
new analysis; we group these in a category labelled A. We describe these classes in §1.2. 
Those classes with nontrivial isotropy group are grouped in category B (§1.3). 

1.2 Four dimensional unimodular Lie groups 

Recall that a Lie group G is called co-compact if G contains a discrete subgroup T such 
that G/r is compact. Each Lie group in (A) is co-compact. A co-compact Lie group has 
unimodular Lie algebra f|Mi| Lemma 6.2). Instead of studying Ricci flow on spaces in 
(A), we broaden the discussion to Ricci flow on 4-dimensional unimodular Lie groups. 

According to the classification of the 4-dimensional unimodular Lie algebras (|M])) 
for each such algebra there is some basis Xi, X2, X3, X4, such that the Lie bracket takes 
the form indicated below. We adopt the notation in |M|. 

Al. Class [/1[(1,1,1)]. 

[Xa.Xsl^O, [X3,Xi] = 0, [Xi,X2] = 0, 

[Xi , X4I = 0, [X2 , X4] = 0, [X3 , X4] = 0. 

This corresponds to (M , G, /) = (R^jR^jIO}) where G acts on M by translation. 

A2. Class Ul[l, 1,1]. 

[X2,X3]=0, [X3,Xi] = 0, [Xi,X2] = 0, 

[Xi,X4]=Xi, [X2,X4]^kX2, [X3,X4]^ -{k+l)X3, 

where, without loss of generality, we assume fc > — | since otherwise we can interchange 
X2 and X3. Only the following special cases correspond to compact homogeneous ge- 
ometries. 

(A2i) if = 0, the Lie algebra is isomorphic to the direct sum 50^3 ©R. This corresponds 
to (M, G, /) = {SoP X R, SoP X R, {e}). 

(A2ii) if = 1, the corresponding geometry is [M, G, /) — {SoIq, SoIq, {e}); this can be 
seen by choosing ei — X\, 62 = X2, 63 — X3, and 64 = —X4 on p. 273 in fW . 
(A2iii) if there is a number q > such that the exponentials of q, /9 = ka and 7 = 
— {k + l)a are roots of — mX^ + nX —1=0 for some m, n G N and m ^ n, then one 
has {M,G,I) = {Solfn^„, Solfn.n, {s-}) for the geometry. This can be seen by choosing 
ei = aXi, 62 = 0X2, 63 = 0X3, and 64 = —0X4 on p. 274 and p. 270 in IW| . 

A3. Class Ul[Z,Z,l]. 

[X2,Xs]=0, [X3,Xi] = 0, [Xi,X2] = 0, 

[Xi,X4]=kXi+X2, [X2,X4]^ -Xi+kX2, [X3,X4] = -2fcX3, 

where A; is a real number, if fc = 0, this corresponds to the geometry (M, G, /) — 
(R*,i?(2) X R, {e}). Other values of k do not correspond to compact homogeneous ge- 
ometries. 

A4. Class Ul[2, 1] with ^ = 0. 

[X2,X3]=0, [X3,Xi] = 0, [Xi,X2] = 0, 

[Xi , X4] = X2 , 1x2 , a:4] = 0, [X3 , X4] = 0. 
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This Lie algebra is isomorphic to the direct sum ns ® K where ns is the Lie algebra of 
Nil^. Hence, in this case {M,G,I) = {Nil^ x R,Nil^ x R, {e}). 

A5. Class Ul[2, 1] with fi = 1. 

[X2,X3]=0, [X3,Xi] = 0, [Xi,X2]^0, 

[Xi, Xi] = —-Xi + X2, [X2, X4] = — -X2, [X'ijXij — Xs. 

This does not correspond to any of the compact homogeneous geometries. 
A6. Class U1[S\. 

IX2,X3]=0, [X3,Xi] = 0, [Xi,X2] = 0, 

[Xi,X4]=X2, \X2,X4]=X3, [X3,X4]=0. 

This corresponds to the geometry {M,G,I) — (Nil"'' , Nil* , {e}) which can be seen by 
choosing ei — Xi, 62 = X2, £3 ~ X3, and 64 — —X4 on p. 274 in |W|. 

A7. Class (73/0. 

[Xi,X4] = 0, 1X2, X4] = 0, [X3,X4] = 0, 

[X2,X3] = X4, [X3,Xi] — X2, [Xl,X2] = —X3. 

This corresponds to the geometry {M,G,I) = {Solf,Solf,{e}) which can be seen by 
choosing ei = Xi, 62 = X2 + X3, 63 = X2 - X3, 64 = -2X4 on p. 272 in jW]. 

A8. Class [73/2. 

[Xi , X4I = 0, [X2 ,X4] = 0, [X3 , X4] = 0, 

[X2,X3] = — X4, [X3,Xi] = X2, [Xi,X2] — X3. 

This does not correspond to any of the compact homogeneous geometries. 
A9. Class U3S1. 

[Xi,X4] = 0, [X2,X4] = 0, [X3,X4] = 0, 

[X2,X3] = Xl, [X3,Xi] — X2, [Xl,X2] = —X3. 

This Lie algebra is isomorphic to the direct sum 5/2 ®R- This corresponds to the geometry 
{M,G,I) = (SL(2,R) X R,5L(2,K) x R,{e}). 

AlO. Class U3S3. 

[Xi , X4] = 0, [X2 , X4] = 0, [X3 , X4] = 0, 

[X2,X3]—Xi, [X3,Xi]—X2, [Xl,X2]=X3. 

This Lie algebra is isomorphic to the direct sum su{2) © R. This corresponds to the 
geometry {M,G,I) = {S^ x R, 5'I7(2) x R,{e}). 
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1.3 Compact four dimensional homogeneous geometries with 
nontrivial isotropy group 

Now we list the compact 4-dimensional homogeneous geometries (M'^,G,I) for which 
dimension of G is bigger than 4. Recall H(n) is the isometry group of the simply- 
connected hyperbolic n-manifolds H". 



Bl. 


(M,G,/) = 


(H^ X R,i7(3) X R,50(3)) 


B2. 


(M,G,/) = 


(S'^ X R^S'0(3) X E^S'0(2) x {0}) 


B3. 


(M,G,/) = 


X R2,iy(2) X R2,S'0(2) X {0}) 


B4. 


(M,G,/) = 


(5'2 X S^S'0(3) X 50(3),S'0(2) x 50(2)) 


B5. 


(M,G,/) = 


(5^ X H'',SO{3) X H{2),SO{2) x SO(2)) 


B6. 


(M,G,/) = 


77^ X 77^,77(2) x 77(2), 50(2) x 50(2)) 


B7. 


(M,G,7) = 


(CP^5^7(3),^7(2)) 


B8. 


(M,G,7) = 


(C772,5Z7(l,2),[/(2)) 


B9. 


(M,G,7) = 


(5^50(5),50(4)) 


BIO. (M,G,/) = 


= (77^77(4),50(4)) 



2. The Ricci flow on 4-dimensional unimodular Lie 
groups 



Recall our strategy is to analyze the Ricci flow on a simply connected manifold M that 
is the universal cover of a closed manifold Mq. For a fixed class {M,G,I) and a fixed 
initial homogeneous metric go compatible with the class, let g{t) be the homogeneous 
solution of the Ricci flow 



On the closed manifold Mq, we consider the volume-normalized Ricci flow 5Ar(t) as the 



where rjv is the scalar curvature of qn- Note that averaging of the scalar curvature 
is not needed for homogeneous metrics. We also note that the Ricci flow equation for 
homogeneous metrics reduces to a system of ordinary differential equations. 

For each class (Ai) listed in §1.2, we describe the families of initial metrics which 
are diagonal and remain diagonal under the Ricci flow and then study their long time 
behavior. To address the diagonalization issue, we use the following strategy: Fix a 
homogeneous metric h and let {Xi} be any basis of left-invariant vectors on the Lie 
group G with the bracket structure 



For those classes (e.g., A4, A9 and AlO) in which the Lie group G is a product group 
Gi X R with dim(Gi) = 3, we choose Xi,X2,X3 as left invariant vector fields on Gi and 



-5(t) = -2Ric(5(t)) 



g{0) = go. 



solution of 



gl9N{t) = -2Ric(fliv(i)) + —gN 



ffjv(O) = go 



[Xi,Xj] — C^ijXk- 
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Let {Yi} be any basis orthogonal with respect to h; that is, 

h{Y„Yj)^X,S,j. 
Let the transformation from {Xi} to {Yi} be given by 

Y=A\Xk. 

Computing the bracket structure for {Yi}, we get 
Thus, 

[Yi, Yj] — C ijYn 

where 

C",, =A^A^(A-i)"„C71,. 

Now compute the Ricci curvature of h using the orthonormal basis {1^} defined by 
Yi = —j=Yi. For this, we use the following Ricci curvature formula for unimodular Lie 

groups from Corollary 7.33 p. 184 ,Bj, 

Ric(M/, VF) = -1 ^ I [W^, F,] I ' ~ 1 ^ { [M/, [W, y.]] ,Y) + \Y.^[Y, W)\ (1) 

i i 

Finally, check if any positive values of the parameters Xi produce a diagonal Ricci tensor. 
Only for these values does the metric remain diagonal under the Ricci flow. We follow 
this strategy and use the same notation in the rest of this section. 

Remark. In our search for families of initial metrics which remain diagonal under 
the Ricci flow, we have chosen special Yi so that the Lie brackets [Yi,y,] are simple. 
Presumably there are other families of initial metrics and other bases Yi for which the 
diagonalization is preserved by the Ricci flow. Our calculations show there are (M, G, I) 
and bases Yi such that the property that the initial metric has components {go)a4 ~ 0, 
a = 1,2, 3, is preserved under Ricci flow. 

To study the decay of the curvature tensor, we use the following sectional curvature 
formula for Lie groups from Theorem 7.30 p. 183 B . For the Lie algebra g of G, deflne 
the operator U : fl x g — > g by 

2{U{X, Y), Z) = {[Z, X],Y) + {X, [Z, Y]) for aU Z € q; (2) 

then the curvature is given by 

{R{X, Y)X,Y)=^^\ [X, Y] 1 2 - i ([X, [X, y]] , F) - i ( [Y, [Y, X]],X} 

+ \UiX,Y)\^ -{U(X,X),U{Y,Y)). (3) 

Al. Ul[(l,l,l)] 

For (M, G, I) = (R", R", {0}), G acts on M by translation h{x) = h + xiov h£G. Any 
homogeneous metric qq on M must be of the form 

go = Aida;""^ ® dx^ + -^-\2dx^ ® dx^ + Aada;^ ® dx'^ + X^dx"^ ® da;* 

for some constants \i > 0. The metric go is flat; hence g(t) = go for —<x < t < oo. 
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A2. 

For Ul[l, 1, 1], we use Yt = A^^Xfc with 



1 








0" 


ffll 


1 








£12 


as 


1 





a4 


as 


ae, 


1 



A = 



to diagonahze the initial metric go- 

Proposition 1 For the class f/l[l, 1, 1] suppose the initial metric go is diagonal in the 
basis Yi. Then 

(i) if k ^ 1 the Ricci flow solution g(t) remains diagonal in the basis Yi if and only 
if ai — 02 — as — 0; 

(a) if k — 1 the Ricci flow solution g{t) remains diagonal in the basis Yi if and only 
if a2 = as — 0. 

Proof. We compute 



[Y2,Yi]^kY2+aY^, 



[^3,^4] 



0, 



-{k + l)Ys+ (3Y2+-iY^. 



[Y2,Ys\^Q, 
where 

a = (l-fe)ai, /? = (1 + 2fe)a3, and 7 = (A: + 2)a2 - (1 + 2A:)aia3. 

Let W = wiYi +W2Y2 + w-iYi + w4,YA. We compute \W, Y] first and then use (Q with 
ft = go to compute the coefficients of WiWj in Ric(W^, W). We find that the off-diagonal 
components of the Ricci tensor in the basis {Y} are given by 

Ric(yi,y2; 



(/37A2 + (fc- l)aA3)^ 



Ric(Fi,Y3) = - 
Ric(?2,y3) = - 



2V A2 A3A4 
(2 + fc)7yA7 

2\/A3A4 

Q7A1 + (1 + 2k)l3\2 



2y/\2\/'\iXi 
Ric(Fi, = Ric(y2, Y^) = Ric(y3, Y4.) = 

Recall fc > — i. Note that we have /? = by definition for k — In order for these 
off-diagonal components to be zero, we must have a — f3 — ^ — if kj^l and P = y — 
if fc = 1. ■ 

Now we discuss the long time behavior for the families of the initial metrics in Propo- 
sition 1. We start with (A2iii) and later show that the other two cases are covered by 
the same analysis. 

(A2iii). In this case fc / 0, 1. We have 



and 



yi = Xi, 
y3 = X3, 

[Y2,Y3] = 0, 
[Yl,Y4] = Y^, 



Y2 =X2, 

Y4, =X4 + 04X1 + 05X2 + 06X3. 



[Y3,Y^]^0, 
[Y2,Y4 = kY2, 



[YuY2]^0, 

[Y3,Y4 = -(fc + l)y3. 
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The bases Yi and Xi both satisfy the same Lie bracket relations so either can be used 
in the Ricci flow analysis. We use Xi. 

Let Oi be the frame of 1-forms dual to Xi. Assume the Ricci flow solution takes the 
special form 

git) = Aitxe^f + B{t){e2f + c{t){e^f + D(t){6if 

with 

go = \i{eif + \2(e2f + \z{eif + A4(6i4)'. 

Then Xi — -^Xi, • • ■ , X4, = -^X^ is an orthonormal frame with respect to the metric 
g. Let W — WiXi + W2X2 + W3X3 + W4X4, and then compute 

[W, Xi] = — ^^4X1 [W, X2] = - ^^4X2 



[W, X3] = ^^104X3 [W, X4] =-L^u^Xi + -^W2X2 - ^^WsXs. 



We have from Q with h = g 



Ric(M/, W) = Q-wl+0-wl+0-wl~ 2(fc" + k + 1) ^2 



So 

Ric(Xi,Xi) = Ric(X2,X2) = Ric(X3,X3) = 0, 
Ric(X4,X4) = I>-Ric(X4,X4) = -2{k'^ + k + l), 

and the Ricci flow is 



dA 


= 0, 


dB 






dt 


m 


dC 


= 0, 


dD 






H 


dt 



The solution is given by 

A(t) = Ai, B{t) = \2, C{t)^X3, and = A4 + 4(fc^ + fc + 

Hence for the subfamily in Proposition 1, the Ricci flow does not move in three 
directions and expands in the fourth direction at a speed linear in t. Pick a point p £ Mq. 
It is clear that the volume-normalized solution {Mq, gN(t),p) converges/collapses to a line 
in the the pointed Gromov-HausdorfT topology. 

Next we compute the curvature decay of g{t). From J^J we find 

(7(Xi,Xi) = -^X4 U{X2,X2) = -^X4 U{X3,X3) = ^^^^X4 

U{X4,X4) = Q C/(Xi,X2) = f/(Xi,X3) = 

U{X2,X-i) = U{Xi,X4) = \xi U(X2,X4) = ^X2 

UiX3,X4) = -'^X3. 
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From @ with h — g we find the sectional curvatures 



K{X,,Xs) = '^, 

K{X2,X4)=-^, 



K{X2,Xz) = 



K{X3,Xi)^- 



fc(fc + 1) 
D ' 

(k + lf 



D 



These curvatures of the solution g{t) decay at the rate 1/t. 

(A2i). This is a special case of (A2iii) if we allow = 0, so the analysis in (A2iii) 
applies. Note that since the Lie algebra is the direct sum 50^3 © R, we can get the same 
conclusions from the analysis in ^(pp. 733- 735). 

(A2ii). In this case fc = 1. We have 



and 



[^2,^3] =0, 



Y2 =A2 + aiAi, 

Ki =A4 + a4Ai + aTjX2 + agAs. 



[^3,^1] =0, 
[Y2,Y^\ = Y2, 



[y3,V4] = -2y3. 



Note that this is the Lie algebra structure in (A2iii) if we allow k = 1. Hence the analysis 
of (A2iii) applies with the same conclusion. 

A3. 1] 

For Ul[Z,Z,l],we use = A^^^Afc with 



1 


0.2 


a-i 


0" 





1 


Hi 











1 





04 


as 


as 


1 



to diagonalize the initial metric go- 

Proposition 2 For the class U1[Z, Z, 1] suppose the initial metric go is diagonal in the 
basis Yi. Then the Ricci flow solution g(t) remains diagonal in the basis Yi if and only 
if ai — a2 — as — 0. 



Proof. We compute 

[y2,y3l = o, [Y,,Yi] = o, 



~2fcy3 



[Yi, y4] = (fc - a)Yi + {a^ + 1)Y2 + m, [^2,^4] = -Yi + {k + a)Y2 + 7^3. 



where 



a = a2, P = a2a3 — 0^02 — ai — 3A;a3, and 7 = as — 3fcai — aia2. 
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We compute the off-diagonal components of the Ricci tensor in the basis {Yi} using 
Q as in §2.A2 and get 

^. 2aAi +2a(l +a2)A2 +/37A3 
Ric(yL,y2) = 



Ric(yi,y3) = 
Ric(y2,y3) = 



2\/ Ai A2 A4 
(7A1 + (a - 3fc)/3A2) ^/A; 



2\/Ai A2A4 
((q + 3fc)7Ai + (1 + a')f3X2) v% 



2Xi\/ X2X4 

Ric(yi, Y4) = Ric(F2, n) = Ric(Y3, Yi) = 0. 

In order for these off-diagonal components to be zero, we must have a = /3 = 7 = and 
the proposition follows. ■ 

If a = /3 = 7 = 0, the Yi and Xi both satisfy the same Lie bracket relations. As in 
§2.A2, we use Xi in carrying out the analysis of the long time behavior of the Ricci flow 
solution for the family in Proposition 2. Proceeding as in §2.A2, we find 

[W,X^] = ^^4X1 - J -^WiX2 



A - k - - 2k - 

[W,X2\ = \j -FTT^yOiXi - -=WiX2, \W,Xz\ = ^^-4X3 

y D y D 



We have from 10 

^) ^ -2ABD'"' - -2X80""' + ° • '"^ 2ABD 

so the Ricci flow is 

dA A^-B^ dB B^~A^ 



dt BD ' dt AD ' 

dC _ dP _ {A- Bf + 12k^AB 

H ^ ' 'dt ^ AB ■ 

Clearly C(t) = A3. 
If Ai = A2, then 

A(t) = Xi, B{t) = X2, and = A4 -f 12fc^t. 

If Ai 7^ A2, we may assume A2 > Ai without loss of generality by the symmetry of A 
and B in this system. A simple computation gives 

1 dA ^ dB _ 
A~dt B~dt ^ ' 

so the product AB — A1A2 for all t. Another computation gives 

dV ' ABD ^ 
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so y4 — i? is decreasing in t. From the equation for — it follows easily that 

A 

dt " ^ Ai ' 



and so 



A4 + 12k'^t < D{t) < A4 + (12fc^ + ^)t. 

Ai 



Hence for the family in Proposition 2, the long-time behavior of the solution g(t) as 
t +00 is 

A{t) VA1A2, B{t) VA1A2, C{t) = A3, D{t) ^ 00 linearly. 

Pick a point p £ Mq. It is clear that the volume-normalized solution [Mq, gN{t),p) 
converges/collapses to a line in the pointed Gromov-Hausdorff topology. 
Next we compute the curvature decay of g{t). From Q we find 



U{Xi,Xi) = - 
U{Xa,X4) = 
U{X2,Xs)=Q 

U{X3,X4) = ^kX3. 



U{X2,X2)=-'^X, 



U{Xs,X3) = ^X 



U{Xr,X2) = ^^X, 



U{Xi,X3) = 



B 



k . 



U{X,,X,) = -Xi - —X2 U{X2,X,) = —X, + -X2 



From @ with h — g we find the sectional curvatures 

A , B o AU2 

K{Xl,X3) 
K{Xi,X4) 



- + - - 2- Ak-' 
K{X,,X2)^ ^ 



AD 



K{X2,X3) 



2k^ 

IT 



2A 



2k^ 

I - 3f + 2 - 4fc^ 



AD 



K{X2,Xi) 



+ f + 2 - 4fc^ 
D 



K{X3,Xi) 



Ak^ 



Hence for the family in Proposition 2, the curvatures of the solution g{t) decay at the 
rate 1/t. 

A4. [/1[2, 1] 

For (71 [2, 1], we use Yi = A^Xfc with 



A : 



to diagonalize the initial metric go- 

Proposition 3 For the class (71 [2, 1] suppose the initial metric go is diagonal in the 
basis Yi. Then the Ricci flow solution g[t) remains diagonal in the basis Yi for all t > 0. 



1 


a2 


0.3 








1 











ai 


1 





04 


0.5 


0.6 


1 
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Proof. We compute 



[Y2,Y;]=Q, [l3,yi]=0, [^1,^21=0, 

[Yi,Yi\ = Y2, [Y2,Yi] = 0, [Yi, Yi] = 0. 

This bracket structure is identical to that of the basis {^i}. 

We compute the off-diagonal components of the Ricci tensor in the basis {Y} using 
Q as in §2.A2 and find Ric(Fi, Y,) — for all i < j. The proposition is proved. ■ 

Since Yi and Xi both satisfy the same Lie bracket relations, as in §2.A2 we use Xi 
and can carry out the analysis of the long time behavior of the Ricci flow solution for 
the family in Proposition 3. Proceeding as in §2.A2, we flnd the Ricci tensor 

mciw, w) = + + . - ^.1. 

Hence the Ricci flow is 

dA _ B_ dB _ 

dC_ _Q dD_B 

dt ^ ' dt ^ A' 

F'^om^(^) = i(^S) = Oweget 

A3 A3 
C = A3 ;5=^(A, + !M^t)V3 

Ai A3 

Hence for the family in Proposition 3, the long time behavior of the solution g{t) as 
t +00 is 

A{t)^+oo, B(f)^0+, C(i) = A3, D{t)^+oo. 

Pick a point p € Mq. It is clear that the volume-normalized solution {Mq, gN{t),p) 
converges/collapses to a plane in the pointed Gromov-Hausdorff topology. 

Next we compute the curvature decay for g{t). From JSJ we find U{Xi, X2) — 
-2^X4, U{X2,X4,) = ^Xi and aU other U{Xi,Xj) = 0. From @ with ft = g we 
find the sectional curvatures 

K{X^,X2) = K{X2,X,) = K{X^,X,) = 

and all other K(Xi,Xj) — 0. Hence for the family in Proposition 3, the curvatures of 
the solution g{t) decay at the rate 1/t. Note that since the Lie algebra is the direct sum 
n3 ® R, we can get the same conclusions from the analysis in inn(p.734). 



A5. f/l[2, 1] 

For (71 [2, 1], we use Yi = A'^^Xfc with 



A = 



1 


a2 


as 








1 


ai 











1 





04 


as 


ae 


1 



to diagonalize the initial metric go- 
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Proposition 4 For the class ?71[2, 1] suppose the initial metric go is diagonal in the 
basis Yi. Then the Ricci flow solution g{t) remains diagonal in the basis Yi if and only 
if ai = as = 0. 

Proof. We compute 

[Y2,Y3] = 0, [Y3,Y^] = 0, [1-1,^2] =0, 

[Yi,Yi]^-^Yi + Y2 + f3Y2, [Y2,Yi]^-^Y2+aY3, [Y-i,Y4 = Y3. 

where 

Q = -ai /3 = -(as - ai). 

We compute the off-diagonal components of the Ricci tensor in the basis {Yi} using 
Q as in §2.A2 and get 



Ric(yi, Y2) = RicCPi, Fa) = -^7^ Ric(?i, n) = 



Ric(y2, %) = (-3"^i + m2)^3 ^^,(^Y„Y,) = Ric(?3, n) = 0. 

In order for these off-diagonal components to be zero, we must have a = /3 — and the 
proposition follows. ■ 

If a = /3 = 0, the Yi and Xi both satisfy the same Lie algebra bracket relations. As 
in §2.A2, we use Xi and carry out the analysis of the long time behavior of the Ricci 
flow solution for the family in Proposition 4. Proceeding as in §2.A2, we find 



[W,X^]^-^W4Xi~J^W4X2, [W,X2] = -^W4X2, [W, X3] = ^^4X3, 

2Vd \ ad 2Vd Vd 



[W, X4] = ^WiXi + i \ ^rWi ^=11)2 I X2 + -^W-iX-j,. 

2Vd \\ ad 2Vd J Vd 

We have from Q 

Ric(I^, W) = + + . - i(A -^).4^ 

so the Ricci fiow is 

(M _ B _ _B_ dB _ _ AD 

^ D ^ AD ' "d^^~AD^ B~ ' 

dt dt A- 



It is clear that 



from which we get 



C{t) = Xs. (4) 
0, we get AB — A1A2. Since ^ [^] = j^, A/B is increasing, so 

dt A - Ai 



3t + Xi < D{t) < {3 + ^)t + X4. (5) 
Ai 
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From 

d_ \AD 
di 

we get by integrating 



B 



3(l + |)>3(l + ^)-fci>3, 



AD , 

— >kit + k2 



< 



where k2 = ^j^- Using this, we have 

]_dA _ _B_ 
A~dt ^ 'ad kit + k2 
which gives 

A{t) < kaikit + ki)'^"' 
where ks = Aafc^^''''^ . To get a lower bound of A{t), we compute 

1 dA'^ _ d A'^ d A 2 2Ai 
A1A2 "dT ^ di^AD' ^ liV^' ^ 1) - (3Ai +A2)t + A1A4 

and get by integrating 



y oAi + A2 V A1A4 / 



(6) 



From AB = A1A2 we get 



^{kit + k^)-'/"^ <B{t)<— . (7) 

' In f 1 + Hi±2i2 i\ , 1 

3A1+A2 y + A1A4 + ^ 

Hence for the family in Proposition 4, the long time behavior of the solution g{t) as 
t — > +00 is 

A{t)^+oo, B{t)^0+, C{t)^Xz, D{t)^ +00. 

If fci > 4, then {Mq, gN{t),p) converges/collapses to a line in the pointed Gromov- 
Hausdorff topology. 

Next we compute the curvature decay of g{t). From we find 

U{Xi,Xi) = U{X2,X2) = ^X4 U{X3,X3) = -gx4 

C/(X4,X4)=0 U{Xi,X2) = ~^X4 U{Xi,X3)^0 

U{X2,X3)^0 l7(Xi,X4) = -ixi ;7(X2,X4) = ^Xi - ix2 

From ^ with h — g we find the sectional curvatures 

i^(Xi,X2) = ^iiA if(Xi,X3) = ^ K{X2,X3) = ^ 

7^(Xi,X4) = ~i^^ if(X2,X4) = ^ii^ i^(X3,X4) = -l. 

Hence for the family in Proposition 4, the curvatures of the solution g{t) decay at the 
rate 1/t. 
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A6. Ul[3] 

For (71 [3] we use Yi = A'^^Xk with 



A = 



to diagonalize the initial metric go- 



a2 as 
1 ai 
1 



04 as as 



Proposition 5 For the class Ul[3] suppose the initial metric go is diagonal in the basis 
Yi. Then the Ricci flow solution g{t) remains diagonal in the basis Yi if and only if 
ai — a2. 



Proof. We compute 

[Y2,Y3]=0, 
[Yi,Y4] = Y2 + aY2, 



[Y3,Yr]=0, 
[Y2,Y4=Y3, 



[yi,Y2] 
[Y3,Y4 



where a — a2 — ai. We compute the ofF-diagonal components of the Ricci tensor in the 
basis {Yi} as in §2.A2 and get 



Ric(Yi,y2) = 



2\/ Ai A2A4 



Ric{Y2,Y3] 



0:^-^2 A3 
2Ai A4 



and Ric(yi,Y3) = Ric(yi,y4) = Ric(F2,y4) = Ric(y3,n) = 0. In order for these off- 
diagonal components to be zero, we must have a = and the proposition is proved. 
■ 

If Q = 0, the Yi and Xi both satisfy the same Lie bracket relations. As in §2.A2, we 
use Xi and carry out the analysis of the long time behavior of the Ricci flow solutions 
for the family in Proposition 5. Proceeding as in §2.A2, we compute 



[W,X,]^- 

[W,X3]=0 
We have from Q 

Ric{W, W) = - 
so the Ricci flow is 



-W4X2 



C 

BD 



B 

Id 



B 
2 AD 



2^1, B 
""'^2^ AD 



[W,X2\ 
IW,X4] = 

C , 2 , C 2 

-BD^'"' + 2Bd'"-' 



W4X3, 



W1X2 + 



c 

BD 



W2Xz. 



1, B C , 2 
2^X0 + 5^)"^' 



Note that 



dA 
'dt 
dC 
Itt 

A~dt 

l_dC_ 

C~dt 



B_ 

D 



BD 



dB_ 
dt 
dD_ 
dt 



AC-B'^ 

AD 
B C 
A + B- 



B 


1 dB 


C 


B 


AD 


'B~dt ^ 


BD 


'ad 


C 


1 dD 


B 


c 


~ BD 


'D~dt ^ 


AD + 


BD 
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Hence ABC = A1A2A3 and 



Solving these gives 



CD ^ 

dt 



E{t) = 



En 



3Eot + 1 



Define E ■ 

dF_ 
H 



and F = -ig 



we compute 



3Fot + 1 



where _Eo = aTaJ ^^"^ ^0 ^ \2>-i ' ^^^^S these in the equations for {l/A)(dA/dt) and 
{l/C){dC /dt), we can integrate to get 

A{t) = Xi{3Eot + iy^'' C(t) =A3(3Fo^+l)-'/^ (8) 
Using these with the conserved quantities ABC and we get 

B{t) = A2 (SEot + 1)^'/^ {3Fot + 1)'/^ 

= A4 (SEot + 1)'/^ (3Fot + 1)'/=^ . (9) 
Hence for the family in Proposition 5, the long time behavior of the solution g{t) is 
A{t) +00 B{t) -> (AiAaAg)'/^ C{t) 0+ D{t) +00. 

The volume- normalized solution {Mq,gM{t),p) converges/collapses to a plane in the 
pointed Gromov-Hausdorff topology. 

Next we compute the curvature decay of g{t). From ^ we find 



f/(Xi,Xi) 
U{Xi,Xi) 

U{X2,X3) 

U{Xs,Xi) 
From ^ with h ■- 



C_ 

'2D 



Xi 



U{X2,X2)=G 
U{Xi,X2) 

U{Xi,X4)^0 



B 
2D 



X4 



U{X:i,X:i) 
U{Xi,Xs) 

U{X2,X4) 






B_ 

2A 



Xi 



c_ 

2B 



X2. 



g we find the sectional curvatures 

B 



KiX,,X2) = ^ 



K{X^,X3) 
K{X2,Xi) 



■ 



B q ( 



AD 



K{X2,X-i) 

K{X3,X4) 



c_ 

B 

AD 

c 

B 

AD' 



Hence for the family in Proposition 5, the curvatures of the solution g{t) decay at the 
rate 1/t. 

AT. [73/0 

For Ul[2, 1], we use Yi = A^X^ with 



A = 



"1 


04 


as 


ae 





1 


a2 


0.3 








1 


ai 











1 



to diagonalize the initial metric go. 
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Proposition 6 For the class U3I0 suppose the initial metric go is diagonal in the basis 
Yi. Let 



ffl2 



a\a2 — as — a4 7 = ai — aia2 + 020-3. + 0204 ■ 



as- 



Then the Ricci flow solution g{t) remains diagonal in the basis Yi if and only if either 
(i) a = (3 = ^ = Q; or 
(a) /3 = 7 = and A2 = (1 — Q^)A3. 

Proof. We compute 

[yi,Y4i = o [y2,y4] = o 

[Y3,Yi] ^ Y2 - aYs + l3Yi 



[y3,y4]=0 [^2,^31=^4 

[Yi,Y2] = -aY2 + (a' - 1)^3 + 7>4. 



We compute the off-diagonal components of the Ricci tensor in the basis {Yi} using 
Q as in §2.A2 and get 



Ric(Fi,Y2) 
Ric(Fi,y4) 
Ric(F2,y4) = 



P\4 



2\/ Ai A2 A3 







(/3A2 - q7A3)vAI 

2Ai\/A2A3 



Ric(yi,y3) = 
Ric(y2,y3) = 
Ric(y3,y4) = 



7A4 



2\/ Ai A3A2 

-2aA2 + 2a(l - a'^)X3 + /37A4 

2X1^^X2X3 
(-Q/3A2 + (q' - 1)7A3)%/Al 
2Ai A2\/A3 



In order for these off-diagonal components to be zero, we must have either (i) or (ii) 
in the proposition. To finish the proof of (ii) we need to ensure that the condition 
B{t) = (1 - a'^)C{t) holds for all t > 0. We prove this near the end of this subsection. ■ 

A 71. First we study the family (i) in Proposition 6. If a — f3 = 'y — 0, the bases Yi 
and Xi both satisfy the same Lie bracket relations. As in §2.A2, we use Xi and carry 
out the analysis of the long time behavior of the Ricci flow solutions for the family (i) in 
Proposition 6. Proceeding as in §2.A2, we find 



B 



C 



AC 



[W,X2\ = -\j-^wa3 



D 



[W, Xz] = -\ —^wiX2 + \ -E^W2Xi [W, Xi] = 



AC 



EC 



We have from Q 



so the Ricci flow equation is 



dA 
lit 
dC 
It 



B C 

1 

C B 

B D 

A + B 



C^ 
AB 



if C ^ D B 2 
2^AB + BC-AC^'"' 



1 B D 
2^ AC ~^ BC 



C 



AB>'"'^2BC 



1 D 2 

W4, 



dB 
It 
dD 
dt 



C D 

A + C 

BC 



B^ 
AC 
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Straightforward calculations give us 

BCdr ' BC D dt BC 
from which we conclude that BCD^ — A2A3A4. Now we can write 4^ = — . "'r' , . > and 

dt A2A3AI 

solve to get 

/ X \-i/3 

D(f) = A4 1 + 3-^0 ■ (10) 
V A2A3 J 

Another set of simple calculations give us 

1 d AD~{B + Cf 1 d AD-jB + Cf 

B-CdV ^ ABC ADdV ^ ABC 

from which we conclude that AD{B -— C) — AiA4(A2 — A3). We get 

{B ~ Cf 2 _ A^D^B^Cf _ \1{\2-Xz? ^ ,,2 
BC ^ - BCD^ - A^A^ 

for some fca > 0. With this and the identity 

{B + Cf _ {B - Cf 
BC ^ BC 

we can write 



+ 4 



-.'£3 



Integrating gives us 



yl-fc3tan"^ = 4t + Ai -fc3tan"^ . (11) 

For large t, we have A{t) ^ At. 

Using the conserved quantities AD{B — C) and BCD^ , we could solve to get B{t) 
and C{t) explicitly. More importantly, we see that for large t, 

Bit) ~ C(t) ~ ~ t'^'- (12) 

Hence for the family (i) in Proposition 6, the long time behavior of the solution g{t) is 

A{t) +00 B(t) +00 C(t) +00 D{t) 0+. 

For the volume-normalized Ricci flow, the metric components have the following long 
time behavior: AN{t) +00, BN{t) and Cnit) approach some positive constant, and 
D]v(t) ^0+. 

Next we compute the curvature decay of g{t). From ^ we find 
(7(Xi,Xi)=0 [/(X2,X2) = f/(X3,X3)=0 

U{Xi,Xi) = [/(Xi,X2) = ^Xs [/(Xi,X3) = ^X2 

U{X2,Xs) = ^^^X^ (7(Xi,X4) = [/(X2,X4) = -^X3 

U{Xs,X,)^^X2. 
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From @ with h — g we find the sectional curvatures 



"Ml — + — + 2 D n 

^(X.,X3) = -^ + ^^ KiX.,X.) = ^ KiX,-X.) = ^. 

Hence for the family (i) in Proposition 6, the curvatures of the solution g{t) decay at the 
rate \/t. 

A7ii. For the rest of this subsection, we address the family (ii) in Proposition 6. 
Suppose /3 = 7 = 0. The Lie brackets from the proof of Proposition 6 take the form 

[yi,y4] = o [Y2,F4] = o [y3,n] = o [^2,^3] = ^ 

[I3, = Y2- aYs [Fi, Y2] = + (a' - 1)Y3. 

Recall we must show the condition B{t) = (1 — a^)C{t) is preserved under Ricci flow. 
Let uji be the frame dual to Yi. Assume the Ricci flow solution g takes the form 

g{t) = A{t){LO^f + B{t){LU2f + C{t){LU3f + D{t){LOAf 

with 

go = \i{u\f + A2(t<;2)^ + A3(a;3)^ + A4(t<;4)^- 
Let Yi = ^Yi, • • • , Y4 = ^Y4 and let W = wiYi + W2Y2 + wzYs + waYa. We first 
compute [M^, Yi] and then compute the Ricci curvature of g(t) using (Q. We find that 
Ric(W, W) is given by 

p. B'' + 2{\ + a^)BC + {l-ayC^ 2 , -AD + - (1 - 2 

-AD- B^ + (l^ayc^ 2 D 2 a (-B + {1 - a^)C) 

UI3 + W4 H r= 102^3- 



2ABC " 2BC AVBC 

The Ricci fiow equation is 

dA _ B^ + 2(1 + a^)BC o?fC'^ dB _ AD - B'^ + {1 - a^fC"^ 
dt ^ BC dt ^ AC 

dC _ AD + B^ -jl-a'^fC'^ dD _ D^ 

lU ^ AB 'dt^~mj' 

Hence 

Since —B + (1 ~ a^)C = at time t = 0, it remains for all time which implies that g{f) 
is diagonal in the basis Y. 

With —B + (1 — q2)C — 0, the Ricci flow equations reduce to 

dA dB 2sD dD 2.D^ 

—r- = 4 — — — [1 — a )— —— = —ll — a 1-1:77. 

dt dt ^ ' B dt ^ ' B^ 
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A simple calculation gives ■^{B^D^) = which implies BD = A2A4. Now we can solve 
the Ricci flow equations to obtain 



A = Xi+4t 

2 (A^ + 3(l-a")A2A4t 



l-a2 



B= (Ai + 3(l-a')A2A4t)''" 
D = A2A4 (Ai + 3(1 - a^)A2A4t) 



Hence for the family (ii) in Proposition 6, the long time behavior of the Ricci flow 
g{t) as f — + 00 is 

A(t) +00 B(t) +00 C{t) +00 D{t) 0+ 

For the volume-normalized Ricci flow, the metric components have the following long 
time behavior: Ajv(f) — > +00, _B]v(f) and C]v(t) approach some positive constants, and 

Finally we compute the curvature decay of g(t). From ^ we find 



;7(yi,Yi) = 

U{Yi,Yi) = Q 
t/(Fi,F4) =0 

U{Y3,Y4) = ^Y2 



U{Y2,Y2) 



aB 



Yi 



U{Ys,Y3) 
U{Yi,Ys) 



aC 



Yi 



U(Yr,Y2) = ^Y2 + ^Y3 
UiY2,Y.)^-^±^^^Y UiY2,n) 



(1-«^)C 
2B 
D 



F2 - -ya 



2C 



V3 



From ^ with h — g we find the sectional curvatures 



KiYuYa) 
K{Y2,Y4) 



1_ 

D 

ABC 



K{Y2,Y,) 
K{Y3,Yi) 



3D 1 
+ -r 



4BC A 
D 



ABC 



Hence for the family (ii) in Proposition 6, the curvatures of the solution g{t) decay at 
the rate 1/t. 



A8. [73/2 

For (73/2, we use Yi = A'^iXk with 

A = 



to diagonalize the initial metric go- 

Proposition 7 For the class f/3/2 suppose the initial metric go is diagonal in the basis 
Yi. Then the Ricci flow solution g{t) remains diagonal if and only if a2 = 0, ai — as 
and 03 =04. 



"1 


04 


as 


ae 





1 


a2 


as 








1 


ai 











1 
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Proof. We compute 



where 



a = — a2 



P — aia2 — a-s + a4 



[F3,Ki]=0 [Y2,Y3] = -Y4 
[Yi,Y2] = aY2 + (1 + q')F3 + 1Y4. 



7 = — ai — aia2 + a2a3 — 0204 + as- 



We compute the off-diagonal components of the Ricci tensor in the basis {Yi} using Q 
as in §2.A2 and get 



Ric(?i,Y2) = 
Ric(Fi,Y4) = 

Ric(y2,y4) = 



/3A4 



2\/ A1A2A3 



{/J\2 + Q7A3)^/A^ 

2Ai\/A2A3 



Ric(yi,F3) = - 
Ric(y2,F3) 
Ric{Y3,Y4) 



7A4 



2\/AiA3A2 
2aA2 + 2a(l + a^)A3 + /37A4 

2Ai\/A2A3 
(Q/3A2 + (l + Q^)7A3)^Al 



2Ai A2\/A3 



In order for these off-diagonal components to be zero, we must have a — (3 = 'y — and 
the proposition follows. ■ 

If a = /3 = 7 = 0, the bases Yi and Xi both satisfy the same Lie bracket relations. 
As in §2.A2, we use Xi and carry out the analysis of the long time behavior of the Ricci 
flow solutions for the family in Proposition 7. Proceeding as in §2.A2, we find 



[w,Xi] = \l^^^^^^- 

[W,X-s] = -^l^w^X2 



c_ 

AB 
BC 



W2X3 

■^W2X4 [W,X4]^0 



C 



D 



BC 



We have from Q 
Ric(W^, W) 



2^ A 



C 

AB 



B , 2 1/ B 
AC^'"' + 2^AC' 



The Ricci flow is 



dA 
dt 


_C B 

^ B^ C 


- 2 


dC 


= -AB + 


B 


It 


A 



+ 



D 
B 



C 

AB ' 
1 C 
^ 2MB 



dB_ 

dt 
dP 

H 



D . 2 
BC^""' 

B 
^ 'AC 



D 



BC'^'-^ 2BC 



D 2 
W4. 



B^ C D 
AC ^ A C 

BC 



The equations here are similar to those of the case A7(i), with the only difference 
being in the equation for A. Because the equations for B, C and D are the same, we 
know that BCD'^ = A2A3Ai It follows that ^ 



^, and hence 

2A3AI ' 



D{t) = A4 1 + 



3A4 
A2A3 



A2A3A 
1/3 



(13) 
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Calculations similar to those in the case A7(i) show that AD{B + C) — AiA4(A2 + A3). 
So yl^(§ + f + 2) = ^"^^BCDi^^^ = kjis a constant where ki > 0, and 

Integrating the equation gives us 

-^1^)-*-' + " <") 

where fcs is a constant. Since A increases for all t and tanha; asymptotes to 1, we see 
that A{t) ^ k4/2 as t —> +oo. 

Using the conserved quantity BCD^ and AD{B + 0), we conclude that for the family 
in Proposition 7 both B and C grow at the rate t^^^ , and the long time behavior of the 
Ricci flow g{t) as t ^ +cxj is 

A(t)^fc4/2 B(t)^+oo C(t) ^ +C30 D(t)^0+. 

The volume- normalized flow {Mq, gN{t),p) converges/collapses to a plane in the pointed 
Gromov-Hausdorff topology. 

Next we compute the curvature decay of g{t). From Q we find 

(7(Xi,Xi)=0 U{X2,X2)=0 U{X-s,X-s)^0 

U{Xi,Xi)^0 U{X^,X2) = ^X3 U{Xi,X3) = ~-^X2 

U{X2,X3) = -U^^i U{X^,Xi) = U{X2,X4) = ^Xz 
U{Xs,X,)^-^X2. 
From Q with h = g we find the sectional curvatures 



KiX,,X2) = ^^^ KiX^,X:i)^ 

KiX2,X,) = + KiX,,X,) = 

KiX2,X,) = -^ KiX3,X,) ^ 



ABC ' ' ' ABC 

Here the decay rate is not obvious for all sectional curvatures. Note that ^ 
The decay rate of ^ — 1 follows from the equation of It suffices to show that 
decays at the rate e"'^* for some c > 0. From (I14I I we get 



. k4 , 
A — — tanh 
2 



k4 ki ki 



and the decay rate of ^ follows from taking the time derivative of this equation. Thus 
^ — 1 decays exponentially. Hence for the family in Proposition 7, the curvatures of the 
solution g{t) decay at the rate 1/t. 
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A9. U3S1 



The Lie bracket relations for cases A9 and AlO differ only in [Xi,X2]. To unify some of 
the calculations for these two cases, we introduce a constant 5 and write [Xi,X2] = SX^ 
with 5 — ~1 corresponding to A9 and 5 = 1 corresponding to AlO. 
For U3S1 and U3S3, we use Yi = A'^^Xk with 



A = 



to diagonalize the initial metric go. 



1 



ai 




1 

1 

a2 as 



0' 


1 



Proposition 8 For the class U3S1 suppose the initial metric go is diagonal in the basis 
Yi. Then 

(i) if \\ 7^ A2, the Ricci flow solution g{t) remains diagonal if and only if ai — 02 ~ 
as = 0; and 

(a) if Xi ~ A2, the Ricci flow solution g(t) remains 



if and only if a\ = 02 = 0. 



Proof. We compute 

[Yi,F4] = -asY2 + 5a2Ys 
[Y2,Ys\ = Y^, 



[Y2,Yi\ = asY^ ~ SaiYs 
[Ys,Y^] = Y2, 



[Ys,Yi\ = -a2Yi + a^Y2 
[Yi,Y2] = 5Ys. 



We compute the off-diagonal components of the Ricci tensor in the basis Yi using Q as 
in §2.A2 and get 



Ric(Fi,y2) = 
Ric(F2,y3) = 



(Aj — AiA2)aia2 

2A3A4 v'AiA2 
(Af — 5\2\s)a2as 
2Ai A4VA2A3 
(Ai - 5A3)^a2 



Ric(F2,y4)=- . 

2A1A3 V A2A4 
The diagonal components are given by 

Ric(Yi,yi) 

Ric(F2,y2) 

K<Ys,Ys) 

Ric(F4,i4) 



Ric(yi,F3) = 
Ric(yi,?4) = 
Ric(y3,n) = 



(A2 — 5AiA3)aia3 
2A2 A4V Ai A3 
(A2 



<5A3)'ai 



2A2A3\/Ai A4 
(Ai — A2)^a3 
2Ai A2\/A3A4 



{XI- 


Ai)A2ai + (A? - Ai)A3ai + (A? - (A2 


-5\sf)\i 




2Ai A2 A3 A4 






Ai)Aia? + (Ai - A?)A3ai + (Ai - (Ai 


-5\sf)U 




2Ai A2A3 A4 




(Ai- 


Ai)Aia? + (Ai - A?)A2ai + (Ai - (Ai 


-\2f)M 




2Ai A2A3A4 




(A2 


- <5A3)'Aia? + (Ai - <5A3)'A2ai + (Ai 


- \2f\sal 


2Ai A2 A3A4 



(15) 



For (5 = — 1, in order for these off-diagonal components to be zero, we must have either 
(i) or (ii) in Proposition 8. As in case A7ii, to finish the proof of (ii) in Proposition 8 we 
need to ensure that the condition A(t) — B(t) holds for all t > 0. We prove this at the 
end of this subsection. ■ 

Remark Note that there are many initial metrics go that cannot be diagonalized by the 
choice of A we use here. For A9 and AlO, the Lie group G is a product Gi x R with 
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dim(Gi) = 3. After transforming with A as given above, one can use a Milnor frame on 
Gi (with respect to a chosen initial metric on Gi) to further diagonalize, in which case 
the Lie algebra takes the form 

[yi,y4] = aiFi+a2Y2+a3l3 

[Y2,Yi]^b^Yi+b2Y2+b3Y3 

[Y3,Y4] ^ ciYi + C2Y2 + C3Y3 

IY2 , V3] = n [^3,^1] = Y2 [Yi , Y2] = SY3 

with tti + 62 + C3 =0 from the unimodular condition. With these, the off-diagonal 
components of the Ricci curvature are given by 

„. ,> N ci C2A1A2 + 61(62 — ai)AiA3 + 02(02 — &2)A2A3 — 0363^1 
Ric(Yi,y2) = ^ 



Ric(yi,y3) = - 
Ric(Fi,y4) = - 

Ric(F2,y3 

Ric(y2,y4 
Ric(y3,y4 



2 vAi vA2 A3 A4 
ci(2ai + 62)AiA2 + 6163A1A3 — a2C2Ai + 03(201 + 62)A2A3 



2 vAi A2 \/A3 A4 

(A2 - S A3) (C2 A2 + 63 A3) 

2 \/Xi A2 A3 \/A4 
— 6ieiAi — C2(ai + 262)AiA2 + 63(01 + 262)AiA3 + a2a3A2A3 



2 Ai V A2 V A3 A4 

(Ai — 5 A3) (ci Ai + 03 A3) 



2 \l \/\2 A3 VA4 

(Ai - A2) (61 Ai + 02 A2) 



2 Ai A2 vAs vA 



One can analyze these expressions to determine conditions under which Ricci flow pre- 
serves the diagonalization of an initial metric. The complexity of these expressions leads 
to many cases that must be analyzed so we have limited our attention to the transforma- 
tion matrix A given above with the results given in Proposition 8 for A9 and Proposition 
9 for AlO. 

A9i. First we study family (i) in Proposition 8. For oi = 02 = 03 = 0, we have 
Yi = Xi. The metric g{t) is a product metric on 51/(2, R) x R 

g(i) = gsL(t) + X'^du^ 

where gsL(t) = A(t){dif + B{t){e2f + C{t){e-if is a Ricci flow solution on 5L(2,R). 
From 1151 1. we get the Ricci flow equations 

dA_{B + Cf~A^ dB_{A + Cf-B'^ dC_{A-Bf-C'^ 



dt BC dt AC dt AB 

The volume-normalized flow associated with gshit) has been analyzed in [TJ]. It follows 
that the volume-normalized solution {Mq, gN{t),p) converges/collapses to a plane in the 
pointed Gromov-Hausdorff topology. The curvatures of g{t) decay at the rate 1/t. 

A9ii. For the rest of this subsection we address family (ii) in Proposition 8 where 
Ai — A2 and 01 = 02 = 0. From H15|l we conclude that the Ricci flow equation of g(t) is 

dA _ {B + Cf - A^ -A^ + -B^ 2 dB _ {A + Cf ~ B^ A^ ~ B^ 2 
"I BT; «3 -TT - 17^ ^ TF^ — "3 



dt BC BD dt AC AD 

-oi 



dC _ (A - Bf - G^ dD_ _ {A + B f 2 

dt ^ AB dt ~ AB 
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Recall we must show that the condition A{t) — B{t) is preserved under Ricci flow. 
To this end, we compute 



C'-{A + B)^ {A + Bf a' 
ABC ABD 



(A-B). 



Since A — B = at time t = Q, this implies that A{t) — B{t) and g{t) remains diagonal 
in the basis Yi. 

With A = B, the Ricci flow equations reduce to 

dA_C_ rf-D _ ^ 2 

A simple computation shows ^ (§) = -2A~^ + {^f) < 0; hence 2 < ^ < 2 + 
and 

2t + Xi<A(t) = B(t)<{2 + ^)t + \i. (16) 

From the equation for ^ and Ijl6|l we get — (2t+Ai)^ — ^ — Integrating these 
inequalities we find 

sfrfc ^ ^ ^''^ 

Finally 

D(t) = 403* + A4. (18) 

Hence for family (ii) in Proposition 8 with 03 7^ 0, the long time behavior of of the Ricci 
flow g{t) as t +00 is 

A{t) ^ +<x B(t) +00 C(t) constant > D{t) +<x. 

Next we compute the curvature decay of g{t) as in A7ii. From Q we flnd (using 
Ait) = Bit)) 

UiY„Y,) = ^Y, UiY,,Y,) = 

UiY,,Y4) = ^asY2 UiY2,Y4) = -h;Yi, 

and all other UiYi, Yj) — 0. From J^l with h = g we flnd the sectional curvatures 

KiY^,Y2) = -^-^ K(Yi,Y,)^KiY2,Y,)^^ 

and all other K{Yi,Yj) = 0. Hence for family (ii) in Proposition 8(ii), the curvatures of 
the solution g(t) decay at the rate 1/t. 

AlO. U3S3 

Using the setup given in A9, we prove the following. 

Proposition 9 For the class I735'l suppose the initial metric go is diagonal in the basis 
Yi. Then 

(i) i/Ai,A2,A3 are all different, the Ricci flow solution g{t) remains diagonal if and 
only if ai = 02 = a-j, ~ 0; 
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(a) if \j = \k \i for some permutation {i, j, k} of {1, 2, 3}, the Ricci flow solution 
g{t) remains diagonal if and only if aj = Sfc = 0; and 

(Hi) if the initial metric satisfies \i = X2 ~ A3, the Ricci flow solution g(t) remains 
diagonal for any ai, 02, and 03. 

Proof. Set 5 — 1 in the proof of Proposition 8. In order for the off-diagonal Ricci 
components to be zero, we must have either (i) or (ii) or (iii) in Proposition 9. As in 
previous cases, to finish the proof of (ii) in Proposition 9 we need to ensure that the 
condition B{t) = C{t) holds for all t > (using j = 2, fc = 3 without loss of generality). 
Also, to finish the proof of (iii) in Proposition 9 we need to ensure that the condition 
A{t) = B{t) = C{t) holds for all t > 0. These are verified below. ■ 

AlOi. If Oi = 02 = a-^ — 0, we have Yi — Xi. The metric is a product metric on 
5^ X R 

where gs3{t) = A{t){eif + B{t){eif + C(t){eif is a Ricci flow solution on . From 
(list , we get the Ricci flow equations 

dA_{B-Cf-A' dB_{A~Cf-B'^ dC_{A-Bf~C'^ 

H ^ BC It ^ AC H ^ AB • ^ ' 

The volume-normalized flow associated with gs^it) has been analyzed in and is 
found to converge to a round sphere. It follows that the volume-normalized solution 
(Mq, gN{t),p) converges/collapses to a line in the pointed Gromov-Hausdorff topology. 
The curvature behavior of g{t) is a Type I singularity in the sense of Hamilton. 

AlOii. For family (ii) in Proposition 9, without loss of generality we may assume 
that i = l,j = 2, and = 3 so A2 = A3 and 02 = as = 0. From 1151 we conclude that 
the Ricci flow equation of g{t) is 

dA _ {B- Cf - A^ dB _ {A- Cf - B'^ - 2 

It ^ BC 'dt ^ AC CD 

dC _ {A~ Bf - C^ B^_-C^ 2 dD_ _ _{B_-Cy_ 2 

m ^ AB ^ BD It ^ mj 

Recall that we must show that the condition B{t) — C{t) is preserved under Ricci 
flow. This follows from 



^2 



- (B + Cy {B + C) 2 

Ol 



(B^C). 



ABC BCD 
With B — C, the Ricci flow equations reduce to 

dA _ A^ - A 9 rfg _ 

H ^ 'dt ^ B^ H ^ ' 

This is a special case of equation I19II with _B = C, so the conclusions from AlOi hold 
here. 



27 



AlOiii. For family (iii) in Proposition 9, Ai = A2 = A3. From 11511 we conclude that 
the Ricci flow equation of g(t) is 



dA 


(A^ 


- C^)Bai + (A' - B^)Cai + {A^ - (B - 


Cf)D 


H ^ 




BCD 




dB 


(B'-' 


- C^)Aai + {B^ - A^)Cai + [B^ - (A - 


Cf)D 


lit ~ 




ACD 




dC 


{C^ 


- B^)Aal + (C^ - A^)Bal + (C" - [A - 


Bf)D 


dt ^ 




ABD 




dD 


(B- 


CfAal + {A- CfBal + {A- BfCal 





dt ABC 

Recall we need to show A(t) — B{t) — C{t) is preserved under Ricci flow. This 
follows from 

^(^ - B) = Mil (A - B) + MM A - C) 
J^{A-C) = A/21 (A -B) + M22{A - C) 

3US 

With A — B — C , the Ricci flow equations reduce to 

dA _ dB_ _ dC _ ^ 

dt dt dt dt ' 

so 

g{t) = (Ai - t){LJif + (Ai - t){uj2f + (Ai - t){Luaf + Xi{LUif 

where coi is the dual frame of Yi . It follows from this explicit solution that the conclusions 
from AlOi hold here. 



3. The Ricci flow of locally homogeneous closed 
4-manifolds modelled on non-Lie groups 

In this section, all of the metrics are on direct products of spheres, hyperbolic spaces, 
and euclidean spaces of various dimensions. Under Ricci flow, the product structure is 
preserved, and the pieces evolve in characteristic ways: the spheres each shrink to a point 
singularity in finite time (type 1 singularity); the hyperbolic spaces expand for all time, 
with no singularity developing; and the euclidean spaces are flat and static. 

Let gs" be the metric on n-dimensional sphere S" with sectional curvature 1 and let 
qh" be the metric on hyperbolic space H" with sectional curvature —1. In this section 
we again use the notations stated at the beginning of section 2. 

Bl. H'^ xR 

In this case, any initial metric can be written as 

go = B^Qh^ + di? 
for some R> Q. The Ricci flow solution g is given by 

g{t) ^ {if +At)gH3 +du ~ — <t<+oo. 
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B2. X K2 

In this case, any initial metric can be written as 

go = R^Qs^ + du\ + du2 
for some R> Q. The Ricci flow solution g is given by 

g{t) = {R — 2t)gs2 + dui + du2 — oo <t < —. 

B3. H"^ X 

In this case, any initial metric can be written as 

go = R^gn^ + du\ + du% 
for some R> Q. The Ricci flow solution g is given by 

R? 

g{t) = {if + 2t)gH2 +du\+dul ~ < ^ < +°°- 

B4. 52 X S'2 

In this case, any initial metric can be written as 

go = Rhs^ (x) + Rlgs2 (y) 
for some Ri > and R2 > 0. The Ricci flow solution g is given by 

^2 ^2 

g{t) = {Rl - 2t)gs2{x) + {RI - 2t)gs2{y) - 00 < t < min{^, 

B5. X 

In this case, any initial metric can be written as 

go = Rigs2 + RlgH2 
for some i?i > and R2 > 0. The Ricci flow solution g is given by 

git) = {Rl - 2t)gs2 + {RI + 2t)fe2 -^<t<^. 

B6. X 

In this case, any initial metric can be written as 

go = RlgH2 {x) + RlgH2 (y) 
for some J?i > and R2 > 0. The Ricci flow solution g is given by 

p2 p2 

g{t) = {Ri + 2t)gH2{x) + {RI + 2t)gn2{y) max{-^, < t < +00. 
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B7. CF2 



Let qfs be the Fubini-Study metric on CP^ with constant holomorphic bisectional cur- 
vature + 1. Then the Ricci curvature Rijigps) ~ 3{gFs)ij- In this case, any initial metric 
can be written as (see |KN| . p. 277) 

go = R^gps 

for some R> 0. The Ricci flow solution g (not the volume-normalized Kahler Ricci flow) 
is given by 

g{t) = (R^ - 6t)gFs -oo<t<—. 

Note that Kahler Ricci flow with positive holomorphic bisectional curvature on CP^ 
has been studied by Chen and Tian ( |CTp : they prove that the (volume-normalized) 
Kahler Ricci flow converges exponentially fast to a Kahler metric of constant holomorphic 
bisectional curvature. 

B8. CH^ 

Let QcH^ be the Kahler metric on CH^ with constant holomorphic bisectional curvature 
— 1. Then the Ricci curvature Ri]{gcH^) = ^■^{gcH^)i]- In this case, any initial metric 
can be written as (see |KN) . p. 277) 

go ~ R^gcH^ 

for some P > 0. The Ricci flow solution g (not the volume normalized Kahler Ricci flow) 
is given by 

P^ 

g{t) = (p2 + 6t)gcH2 _ _ < t < +00. 

B9. 5^ 

In this case, any initial metric can be written as 

50 = P^5s4 

for some P > 0. The Ricci flow solution g is given by 

5(t) = (P' - 6t)5s4 -oo<t<—. 

BIO. 

In this case, any initial metric can be written as 

go = R^gRi 

for some P > 0. The Ricci flow solution g is given by 

P^ 

g{t) = (p2 + 6t)5Hi - IT < * < +°°- 

D 
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4. Conclusion 



We have analyzed the Ricci flow for conipaet four dimensional homogeneous geometries 
for which an initial diagonal metric remains diagonal under the flow. We obtain explicit 
solutions in most cases. We find that if the solution has long-time existence, then it is a 
Type III singularity solution. For volume-normalized flow, there are examples of collapse 
to dimensions 1, 2, and 3. 

For the nondiagonal cases, the relevant ordinary differential equation systems are of 
a similar nature but considerably more complicated. Numerical techniques should be 
useful for verifying if the behavior is similar to that of the diagonal cases. 
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